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Harmonicity and submanifold maps
Constantin Udris¸te, Vasile Arsinte and Andreea Bejenaru
Abstract
The aim of this paper is fourfold. Firstly, we introduce and study
the f -ultra-harmonic maps. Secondly, we recall the geometric dy-
namics generated by a first order normal PDE system and we give
original results regarding the geometric dynamics generated by other
first order PDE systems. Thirdly, we determine the Gauss PDEs and
the fundamental forms associated to integral manifolds of first order
PDE systems. Fourthly, we change the Gauss PDEs into a geometric
dynamics on the jet bundle of order one, showing that there exist an
infinity of Riemannian metrics such that the lift of a submanifold map
into the first order jet bundle to be an ultra-potential map.
Keywords: harmonic map, ultra-potential map, generalized poten-
tial map, general harmonicity, Gauss equation
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1 Generalized Harmonic and Potential Maps
All maps throughout the paper are smooth, while manifolds are real, finite-
dimensional, Hausdorff, second-countable and connected.
Let (N, h) be a Riemannian manifold of dimension m and let M be dif-
ferential manifold with dimension n. Hereafter we shall assume that the
manifold N is oriented. Greek (Latin) letters will be used for indexing the
components of geometrical objects attached to the manifold N (manifoldM).
Local coordinates on N will be written t = (tα), α = 1, . . . , m, and those
on M will be x = (xi), i = 1, . . . , n. The components of the corresponding
metric tensor h and Christoffel symbols on the manifold N will be denoted
by hαβ, H
α
βγ.
The product manifold N ×M is endowed with the coordinates (tα, xi)
and the first order jet manifold J1(N,M), called the configuration bundle, is
endowed with the adapted coordinates (tα, xi, xiα). The distinguished tensors
fields and other distinguished geometrical objects on N ×M are introduced
using the geometry of the jet bundle J1(N,M) [4], [5], [15].
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Let ϕ : N → M , ϕ(t) = x, xi = xi(tα) be a C∞ map (parameterized
m-sheet). For a fixed symmetric (possible degenerated) (0, 2)-tensor field
f = (fij) on M , we attach the f -energy density Lagrangian defined by
(1) Ef(ϕ)(t) =
1
2
hαβ(t)fij(x(t))x
i
α(t)x
j
β(t)
and the total energy
Ef(ϕ,Ω) =
∫
Ω
Ef (ϕ)(t)dvh,
where |h| = det h and dvh =
√
|h| dt1 ∧ . . .∧ dtm denotes the volume element
induced by the Riemannian metric h.
Definition 1. A map ϕ is called f - ultra-harmonic map if it is a critical
point for the f -energy functional Ef , i.e., an extremal of the Lagrangian
L1 = Ef(ϕ)(t)
√
|h|,
for all compactly supported variations.
If we denote by
Fjk|i =
1
2
{
∂fij
∂xk
+
∂fik
∂xj
− ∂fjk
∂xi
}
the Christoffel symbols of the first type attached to tensor f and if we intro-
duce the distinguished tensor field
xiαβ = fij
∂2xj
∂tα∂tβ
−Hγαβfijxjγ + Fjk|ixjαxkβ ,
then an f -ultra-harmonic map equation is written in local coordinates as
(2) hαβxiαβ = 0
(a nonlinear ultra-parabolic-hyperbolic PDE system of second order).
Let g be a Riemannian metric on the manifold M and Gkij be the corre-
sponding Christoffel symbols. In particular, if f = g, we obtain the definition
of classical harmonic maps [1]-[7], [11]-[13], [15]-[17], [19]-[20]. Indeed, the
classical form of the kinetic energy density corresponding to the map ϕ is
Eg(ϕ)(t) =
1
2
hαβ(t)gij(x(t))x
i
α(t)x
j
β(t)
and the harmonic map equation (a system of nonlinear elliptic-Laplace PDEs
of second order), is expressed in local coordinates by
hαβxiαβ = 0,
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where
xiαβ =
∂2xi
∂tα∂tβ
−Hγαβxiγ +Gijkxjαxkβ .
Let T = (T iα(t)) be a given C
∞ distinguished tensor field on N , let g be a
Riemannian structure on M and f be a (0, 2) tensor field on M . We define
the deviated f -energy density Ef,g,T (ϕ) of the map ϕ relative to g and T by
the formula
(3) Ef,g,T (ϕ(t)) =
1
2
hαβ(t)fij(x(t))x
i
α(t)x
j
β(t)
+
1
2
hαβ(t)gij(x(t))[x
i
α(t)− T iα(t)][xjβ(t)− T jβ(t)].
Definition 2. A map ϕ is called f -ultra-potential map if it is a critical
point of the energy functional Ef,g,T , i.e., an extremal of the Lagrangian
L2 = Ef,g,T (ϕ)(t)
√
|h|,
for all compactly supported variations. The map ϕ is called generalized
ultra-potential map relative to g and T if there exists a (0, 2)-tensor field f
on (M, g) such that ϕ is f -ultra-potential.
The f -ultra-potential map equation is a system of nonlinear ultra-hyperbolic-
Poisson PDEs and is expressed locally by
(4) hαβxiαβ = h
αβgij
[
∂T jα
∂tβ
− T jγHγαβ
]
+hαβxjαT
k
β
[
gsiG
s
jk − gsjGski
]
+
1
2
T jαT
k
β
∂gjk
∂xi
.
Finally, if g is a fixed Riemannian structure on M , let X iα(t, x) be a
given C∞ distinguished tensor field on N × M and c(t, x) be a given C∞
real function on N ×M . The general energy density Eg,X(ϕ) of the map ϕ,
relative to g, c and X is defined by
(5) Eg,c,X(ϕ(t)) =
1
2
hαβ(t)gij(x(t))x
i
α(t)x
j
β(t)
−hαβ(t)gij(x(t))xiα(t)Xjβ(t, x(t)) + c(t, x).
Of course Eg,c,X(ϕ) is a perfect square and is denoted by Eg,X(ϕ) iff
c =
1
2
hαβ(t)gij(x(t))X
i
α(t, x(t))X
j
β(t, x(t)).
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Similarly, for a relatively compact domain Ω ⊂ N , we define the energy
Eg,X(ϕ; Ω) =
∫
Ω
Eg,X(ϕ)(t)dvh.
Definition 3. A map ϕ is called potential map if it is a critical point of
the energy functional Eg,X , i.e., an extremal of the Lagrangian
L3 = Eg,X(ϕ)(t)
√
|h|,
for all compactly supported variations.
The potential map equation is a system of nonlinear elliptic-Poisson PDEs,
locally expressed by
(6) hαβxiαβ = g
ij ∂c
∂xj
+ hαβ(∇kX iβ − gkjgil∇lXjβ)xkα + hαβDαX iβ,
whereD is the covariant derivative on (N, h) and∇ is the covariant derivative
on (M, g). Explicitly, we have
(7) ∇jX iα =
∂X iα
∂xj
+GijkX
k
α, DβX
i
α =
∂X iα
∂tβ
−HγβαX iγ,
(8) Fj
i
α = ∇jX iα − ghjgik∇kXhα,
(9)
∂gij
∂xk
= Ghkighj +G
h
kjghi,
∂hαβ
∂tγ
= −Hαγλhλβ −Hβγλhαλ.
2 Geometric dynamics and potential maps
Let (N,h) and (M, g) be two Riemannian manifolds of dimensions m, respec-
tively n and let X = (X iα(t, x)) be a C
∞ distinguished tensor field on the
manifold N ×M . The classical geometric dynamics [7]-[13], [14]-[16] consists
in extending the normal PDE systems of first order
(10)
∂xj
∂tα
(t) = X iα(t, x(t))
into second order Euler-Lagrange type systems such that the solutions of the
system (10) to be potential or harmonic maps relative to a certain geometric
structure. Following this idea, we recall, without proof, one of the main
results in [7].
Theorem 1. Each solution x : N → M of the nonlinear and non-
homogeneous PDE system (10) is a potential map. More precisely, x(·) is an
extremal for the least square type Lagrangian
(11) L4 =
1
2
hαβgij(x
i
α −X iα)(xjβ −Xjβ)
√
|h|.
4
2.1 Geometric dynamics induced by
non-homogeneous first order PDEs
We start with a Riemannian manifold (N, h) of dimension m, a differential
manifoldM of dimension n, a C∞ tensor field Y = (Y ij (x)) onM , respectively
a C∞ distinguished tensor field T = (T iα(t)) on N and the implicit non-
homogeneous nonlinear PDE system of order one
(12)
∂xj
∂tα
(t)Y ij (x(t)) = T
i
α(t).
The purpose of this sub-section is to analyze the dynamics induced by the
PDE system (12) and by appropriate metric tensor fields on N and M . By
differentiating the foregoing relation on N ×M along a solution we obtain
∂2xj
∂tα∂tβ
Y ij + x
j
αx
k
β
∂Y ij
∂xk
=
∂T iα
∂tβ
.
Using (12), adding-subtracting convenient terms, we change this relation into
(13)
∂2xj
∂tα∂tβ
Y ij − xjγY ijHγαβ + xjαxkβ
∂Y ij
∂xk
+ xjαx
k
βG
i
ksY
s
j =
∂T iα
∂tβ
+ T jαx
k
βG
i
jk − T iγHγαβ .
Taking the trace in (13) with respect to hαβ, followed by a contraction with
gip and adding the terms −hαβgsjxjαxkβY ikGsip and 12xjαxkβY sj Y ik ∂gis∂xp , we find
(14) hαβgipY
i
j
[
∂2xj
∂tα∂tβ
− xjγHγαβ
]
+ hαβxjαx
k
β
[
gip
∂Y ij
∂xk
+ gipG
i
ksY
s
j
−gsjY ikGsip +
1
2
Y js Y
k
i
∂gis
∂xp
]
= hαβgip
[
∂T iα
∂tβ
− T iγHγαβ
]
+hαβxjαT
k
β
[
gspG
s
jk − gsjGskp
]
+
1
2
T jαT
k
β
∂gjk
∂xp
.
If
Ωjk|p = gip
∂Y ij
∂xk
+ gipG
i
ksY
s
j − gsjY ikGsip +
1
2
Y sj Y
i
k
(
gijG
j
sp + gsjG
j
ip
)
and
Sjk|p =
1
2
[
Ωjk|p + Ωkj|p
]
, Ajk|p =
1
2
[
Ωjk|p − Ωkj|p
]
,
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then
Sjk|p =
1
2
[
gsp
∂Y sj
∂xk
+ gsp
∂Y sk
∂xj
+ Y sj
(
gipG
i
ks − gikGisp
)
+Y sk
(
gipG
i
js − gijGisp
)
+ Y sj Y
i
k
(
gijG
j
sp + gsjG
j
ip
)]
,
=
1
2
[
gsp
∂Y sj
∂xk
+ gsp
∂Y sk
∂xj
+ Y sj
(
∂gps
∂xk
− ∂gks
∂xp
)
+Y sk
(
∂gps
∂xj
− ∂gjs
∂xp
)
+ Y sj Y
i
k
∂gis
∂xp
]
,
Ajk|p =
1
2
{
gsp
(
∂Y sj
∂xk
− ∂Y
s
k
∂xj
)
+ Y sj
∂gpk
∂xs
− Y sk
∂gpj
∂xs
}
.
If the m-sheet x(·) satisfies the PDE system (12), then, along x(·) we
have
hαβxjαx
k
βAjk|p = 0
and the PDE system (14) becomes
(15) hαβgipY
i
j
[
∂2xj
∂tα∂tβ
− xjγHγαβ
]
+ hαβxjαx
k
βSjk|p = h
αβgip
[
∂T iα
∂tβ
− T iγHγαβ
]
+hαβxjαT
k
β
[
gspG
s
jk − gsjGskp
]
+
1
2
T jαT
k
β
∂gjk
∂xp
.
Theorem 2. The solutions of the implicit PDE system of first order (12)
are f -potential maps on (M, g), relative to the distinguished tensor field T ,
where the tensor field f is solution for the PDE system
(16) Y si
∂fsj
∂xk
=
∂Y sj
∂xk
fsi,
satisfying also the conditions
(17)
{
fij = gis(Y
s
j − δsj )
gisY
s
j = gjsY
s
i .
More precisely, the solutions of the implicit PDE system of first order
(12) are extremals for the Lagrangian
L7 =
1
2
hαβ
[
fijx
i
αx
j
β + gij(x
i
α − T iα)(xjβ − T jβ)
]√
|h|.
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Proof. We consider first the Lagrangian
L5 = h
αβ
(
gijx
i
αT
j
β −
1
2
gijT
i
αT
j
β
)√
|h|.
In general, if L = E
√
|h|, where E denotes an energy density, then the
Euler-Lagrange equations of extremals,
∂L
∂xk
− ∂
∂tα
∂L
∂xkα
= 0
can be written in the form
(18)
∂E
∂xk
− ∂
∂tα
∂E
∂xkα
−Hγγα
∂E
∂xkα
= 0.
We compute
∂E5
∂xk
= hαβ
∂gij
∂xk
xiαT
j
β −
1
2
hαβ
∂gij
∂xk
T iαT
j
β ;
∂E5
∂xkα
= hαβgkjT
j
β ;
− ∂
∂tα
∂E5
∂xkα
= −∂h
αβ
∂tα
gkjT
j
β − hαβ
∂gkj
∂xi
xiαT
j
β − hαβgkj
∂T
j
β
∂tα
.
Replacing in (18), we find
−δL5 = hαβgik
[
∂T iβ
∂tα
− T iγHγαβ
]
+hαβxiβT
j
β
[
gskG
s
ij − gsiGsjk
]
+
1
2
hαβ
∂gij
∂xk
T iαT
j
β ,
which is precisely the right hand in (15).
Next, we shall compute the first variation for the Lagrangian
L6 =
1
4
hαβ(gisY
s
j + gjsY
s
i )x
i
αx
j
β
√
|h|.
We obtain
∂E6
∂xk
=
1
4
hαβ
[
∂gis
∂xk
Y sj + gis
∂Y sj
∂xk
+
∂gjs
∂xk
Y si + gjs
∂Y si
∂xk
]
xiαx
j
β,
∂E6
∂xkα
=
1
2
hαβ(gksY
s
j + gjsY
s
k )x
j
β ,
− ∂
∂tα
∂E6
∂xkα
= −∂h
αβ
∂tα
gksY
s
j x
j
β − hαβgksY sj
∂2xj
∂tα∂tβ
7
−1
2
hαβ
[
∂gks
∂xi
Y sj + gks
∂Y sj
∂xi
+
∂gjs
∂xi
Y sk + gjs
∂Y sk
∂xi
]
xiαx
j
β .
Replacing in (18), we find
−δL6 = hαβgskY sj
[
∂2xj
∂tα∂tβ
− xjγHγαβ
]
− hαβxiαxjβΣij|k,
where
Σij|k =
1
4
[
Y sj
(
∂gis
∂xk
− ∂gks
∂xi
)
+ Y si
(
∂gjs
∂xk
− ∂gks
∂xj
)
− gsk
(
∂Y si
∂xj
+
∂Y sj
∂xi
)
−Y sk
(
∂gjs
∂xi
+
∂gis
∂xj
)
+ gsj
(
∂Y si
∂xk
− ∂Y
s
k
∂xi
)
+ gsi
(
∂Y sj
∂xk
− ∂Y
s
k
∂xj
)]
.
By computation, using relations (17), we obtain
Σij|k + Sij|k =
1
2
(
Y si
∂fsj
∂xk
− ∂Y
s
j
∂xk
fsi
)
that is, using relation (16),
Σij|k = −Sij|k.
Therefore, −δL6 has the same expression as the left hand side in relation
(15). We conclude that x(·) is an extremal for the Lagrangian
L7 = L6 − L5
=
1
4
hαβ(gisY
s
j + gjsY
s
i )x
i
αx
j
β
√
|h| − hαβ
(
gijx
i
αT
j
β −
1
2
gijT
i
αT
j
β
)√
|h|
=
1
2
hαβ
[
fijx
i
αx
j
β + gij(x
i
α − T iα)(xjβ − T jβ)
]√
|h|.
⊓⊔
2.2 Geometric dynamics induced by
homogeneous first order PDEs
Now, let us consider the homogeneous nonlinear first order PDE system
(19)
∂xj
∂tα
(t)Y ij (x(t)) = 0.
8
By differentiating the tensor field xjαY
i
j (x(t))dt
α ⊗ ∂
∂xi
on N × M along a
solution and adding-subtracting appropriate terms, we obtain
∂2xj
∂tα∂tβ
Y ij − xjγY ijHγαβ + xjαxkβ∇kY ij + xjαxkβGskjY is = 0,
or
(20) Y ij
[
∂2xj
∂tα∂tβ
− xjγHγαβ + xlαxkβGjkl
]
+ xjαx
k
β(∇kY )ij = 0,
where
(∇kY )ij =
∂Y ij
∂xk
+ GiksY
s
j −GskjY is .
Taking the trace of (20) with respect to hαβ and lowering the index i with
gik, we get
(21) hαβgikY
i
j x
j
αβ + h
αβgikx
j
αx
p
β∇pY ij = 0,
where
xiαβ =
∂2xi
∂tα∂tβ
− xiγHγαβ + xjαxkβGijk.
Theorem 3. The solutions of the implicit homogeneous PDE system
of first order (19) are f -harmonic maps on M , where fij = gisY
s
j and g is
solution for the PDE system
(22) (∇kY )ij =
∂Y ij
∂xk
+GiksY
s
j −GskjY is = 0
satisfying the symmetry condition
(23) gisY
s
j = gjsY
s
i .
Here Gkij mean the Christoffel symbols of g.
Moreover, the solutions of the implicit homogeneous PDE system of first
order (19) are extremals for the Lagrangian
L8 =
1
2
hαβfijx
i
αx
j
β
√
|h|.
Remarks. (1) The idea of finding Giks from the relation (22) was devel-
oped in [17].
(2) Writing the complete integrability conditions for the PDEs (22), we
obtain
(24) Y isR
s
jkl = Y
s
j R
i
skl,
9
where R denotes the Riemann curvature tensor field corresponding to the
solution g.
Proof. We need to verify that the PDE system (21) is in fact the Euler-
Lagrange PDE system corresponding to the Lagrangian
L8 =
1
2
hαβgikY
k
j x
i
αx
j
β
√
|h|.
On the other hand, we know that
−δL8 = hαβgskY sj
[
∂2xj
∂tα∂tβ
− xjγHγαβ
]
− hαβxiαxjβFij|k,
and the hypotheses ensure us that Fij|k = −gksY sl Glij . We obtain
−δL8 = hαβgskY sj
[
∂2xj
∂tα∂tβ
− xjγHγαβ + xiαxlβΓjil
]
= −hαβgskY sj xjαβ
and the Euler Lagrange PDE system corresponding to L8 has the same ex-
pression as in (21). ⊓⊔
3 Gauss equations for an
integral submanifold map
In this section, (N, h) and (M, g) denote an m-dimensional, respectively, an
n-dimensional Riemannian manifold and X = X iα(t, x)dt
α ⊗ ∂
∂xi
is a C∞
distinguished tensor field on N ×M , satisfying the integrability conditions
∂X iα
∂xj
X
j
β =
∂X iβ
∂xj
Xjα.
We are looking for describing the geometry of the C∞ integral submanifolds
(25) x : N →M, ∂x
i
∂tα
(t) = X iα(t, x(t)).
Differentiating PDEs (25) along a solution and replacing xjβ = X
j
β, we
find
(26)
∂2xi
∂tα∂tβ
=
∂X iα
∂xj
X
j
β +
∂X iα
∂tβ
.
On the other side, the Gauss equation corresponding to an m-dimensional
submanifold x(·) is of the form
(27)
∂2xi
∂tα∂tβ
(t) = Λγαβ(t)x
i
γ(t) + Λ
a
αβ(t)N
i
a(x(t)),
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where Na = N
i
a
∂
∂xi
is an orthonormal family of vector fields on M , normal to
the submanifold x(N), that is
(28) gijN
i
aN
j
b = δab, gijN
i
aX
j
β = 0.
Moreover, let hαβ(t) =
(
gijX
i
αX
j
β
)
(x(t)). From the relations (26)-(27), we
obtain the Tzitzeica connection
(29) Λγαβ(t) = h
γσ(t)gikX
k
σ
[
∂X iα
∂xj
X
j
β +
∂X iα
∂tβ
]
(x(t)),
and the fundamental forms
(30) Λaαβ(t) = δ
ab(t)gikN
k
b
[
∂X iα
∂xj
X
j
β +
∂X iα
∂tβ
]
(x(t)).
4 General potentiality of submanifold maps
Our aim is to prove that there exists an infinity of Riemannian structures
such that the lift of a submanifold map to the jet bundle of order one is
a potential map. Let x : N → M be a C∞ m-dimensional Riemannian
submanifold of (M, g) . Then, the Gauss formula of the submanifold x is
(Gauss)
∂2xi
∂tα∂tβ
= Λγαβ x
i
γ + Λ
a
αβN
i
a,
where {Ns|s = 1, ..., n −m} denotes a family of normal vector fields to the
submanifold, Λγαβ are the components of the connection and Λ
a
αβ are the
fundamental forms. We make the assumption that {Ns|s = 1, ..., n − m}
is an orthonormal distribution. We transform the Gauss second order PDE
system into a first order system on the jet bundle J1(N,M) as it follows:
(Gauss)
{
∂xi
∂tγ
= xiγ ,
∂xiα
∂tβ
= Λγαβx
i
γ + Λ
a
αβN
i
a.
Let η be the induced Riemannian metric on the submanifold N , i.e.,
ηαβ(t) = gij(x(t))x
i
α(t)x
j
β(t).
Moreover,
Λγαβ =
1
2
ηγσ
[
∂ηασ
∂tβ
+
∂ηβσ
∂tα
− ∂ηαβ
∂tσ
]
; Λaαβ = gij
∂2xi
∂tα∂tβ
N
j
b δ
ab
11
denote the Christoffel symbols, respectively the second fundamental forms of
the submanifold.
Let h be an arbitrary Riemannian structure on N and let J1(N,M), with
local coordinates (tα,xi0 = x
i,xiα = x
i
α), denote the first order jet bundle.
Let I = {I = (iα) |i = 1, .., n, α = 0, ..., m} and ϕ : N → J1(N,M), ϕ(t) =
(t,xI(t)). Then, we may write the Gauss second order PDE system as the
Gauss first order PDE system in the jet bundle of order one,
(Gauss)
∂xI
∂tµ
(t) = XIµ(t,x(t)),
where
(31) XIµ(t,x) =
{
xiµ, if I = (
i
0)
Λγµαx
i
γ + Λ
a
µαN
i
a, if I = (
i
α) , α 6= 0.
We know from [7] that the solutions of a normal system of PDEs of
order one are potential maps in an appropriate geometrical structure. The
purpose of this paper is to prove that, for each embedded submanifold, there
are geometric structures on the environmental manifold such that the lift to
the jet bundle of a submanifold map is a potential map and to find the PDEs
describing this Riemannian structures. Let hαβ(t)dt
α ⊗ dtβ + gIJdxI ⊗ dxJ
be an arbitrary Riemannian structure on J1(N,M). The following result is
a consequence of Theorem 1.
Theorem 4. The lift of a submanifold map x : N →M to the jet bundle
J1(N,M) is a potential map. More precisely, it is an extremal for all the
least squares Lagrangians (depending on the Riemannian structure g)
Lg =
1
2
hµνgIJ(x
I
µ −XIµ)(xJν −XJν )
√
|h|
=
1
2
hµνg(iα)(jβ)
(
xiµα − Λγµαxiγ − ΛaµαN ia
) (
x
j
νβ − Λγνβxjγ − ΛaνβN ja
)√
|h|.
Remarks. (1) Writing the Euler-Lagrange PDEs for the Lagrangian Lg,
we obtain
(E − L)g hµνxIµν = gILhµνgKJ(∇LXKµ )XJν + hµνFJ IµxJν + hµνDνXIµ,
where
∇LXKµ =
∂XKµ
∂xL
+ ΓKLSX
S
µ , DνX
I
µ = −HγµνXIγ ,
FJ
I
µ = ∇JXIµ − gILgKJ∇LXKµ ,
12
and
xIµν =
∂2xI
∂tµ∂tν
−HγµνxIγ + ΓIJKxJµxKν .
(2) There exists an infinity of geometrical structures g such that the lift of a
submanifold map is a potential map.
5 General harmonicity of submanifold maps
Generally, an arbitrary submanifold map between two Riemannian mani-
folds (N, g) and (M, g) is not a harmonic one and not even a potential one.
Nevertheless, Theorem 4 proved that its lift to the first order jet bundle,
endowed with an infinite possible Riemannian structures, it is a potential
map. We shall see further, that the submanifold map may also be harmonic,
in a general sense. Indeed, let N and M be two differentiable manifolds and
x : N → M be a differentiable submanifold map. Let ∇x(t) = ( ∂xi
∂tα
(t)) be
the Jacobian matrix which is of rank m. For each point t ∈ N , the algebraic
system
∂xj
∂tα
(t)ξij(t) = 0,
defines the matrix function ξij(t). Let Y = Y
i
j (x)dx
j⊗ ∂
∂xi
be a C∞ tensor field
on M such that Y ij (x(t)) = ξ
i
j(t). Then x(·) is a solution for the nonlinear
homogeneous PDE system
(32)
∂xj
∂tα
(t)Y ij (x(t)) = 0.
As a consequence of Theorem 3, an arbitrary Riemannian structure h on
N , together with a Riemannian structure g on M (solution for a nonlinear
PDE system marking a parallelism condition, satisfying also a symmetry
condition) determine the general harmonicity of the map x(·).
In the sequel, we shall describe an alternative way of obtaining general
harmonicity, where the Riemannian structure h stays fixed, but the symmetry
condition for the Riemannian structure g is unconditional.
For this, we start from the relation
(33) hαβgisY
s
j
[
∂2xj
∂tα∂tβ
− xjγHγαβ
]
+ hαβgisx
p
αx
k
β
[
∂Y sp
∂xk
+ Y jpG
s
jk
]
= 0,
obtained by differentiating the initial homogeneous system (32) along a solu-
tion and taking, afterwards, the trace with respect to h and the contraction
with respect to g. We know that, for a fixed Riemannian structure g0 on
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M and a family of normal vector fields Na = (N
i
a), a = 1, ..., n − m, each
submanifold map x : N →M satisfies the Gauss equations
(Gauss)
∂2xi
∂tα∂tβ
= Λγαβx
i
γ + Λ
a
αβN
i
a,
where, if h is the metric induced by g0 on N , then Λγαβ = H
γ
αβ are the compo-
nents of the corresponding Levi-Civita connection. Let us choose Λ0γαβ = H
0γ
αβ
such that
∂2xi
∂tα∂tβ
= Λ0γαβx
i
γ
and let h0 be solution for the Ricci PDE system
∂h0αβ
∂tγ
= h0ασΛ
0σ
βγ + h
0
βσΛ
0σ
αγ .
Using this particular structure allows us to replace relation (33) with
(34)
h0αβ
(
gisY
s
j + gjsY
s
i
) [ ∂2xj
∂tα∂tβ
− xjγH0γαβ
]
+ h0αβgisx
p
αx
k
β
[
∂Y sp
∂xk
+ Y jpG
s
jk
]
= 0.
Let Ωpk|i = gis
[
∂Y sp
∂xk
+ Y jpG
s
jk
]
and Spk|i =
1
2
(Ωpk|i + Ωkp|i), Apk|i =
1
2
(Ωpk|i −
Ωkp|i). By computation, we obtain that each solution x(·) of PDE system
(32) satisfies the equality h0αβxpαx
k
βApk|i = 0, and therefore, the relation (34)
becomes
(35) h0αβ
(
gisY
s
j + gjsY
s
i
) [ ∂2xj
∂tα∂tβ
− xjγH0γαβ
]
+ h0αβxpαx
k
βSpk|i = 0.
Theorem 5. The solutions of the implicit homogeneous PDE system
of first order (32) are f -harmonic maps relative to (N, h0) and M , where
fij = gisY
s
j + gjsY
s
i and g is solution for the PDE system
(36) gis
[
(∇kY )sj − (∇jY )sk
]
+ gjs [(∇kY )si − (∇iY )sk] = 2gspGpijY sk .
Hint. We consider the Lagrangian L9 =
1
2
h0αβfijx
i
αx
j
β
√
h0. Similar ar-
guments with the forgoing one ensure us that relations (35) describe the
Euler-Lagrange PDE system corresponding to this Lagrangian. ⊓⊔
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